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7—i . Abstract 

O; 

CN | We study the impedance boundary map (or Robin-to- Robin map) for the Schrodinger 

equation in open bounded domain at fixed energy in multidimensions. We give global 
■ stability estimates for determining potential from these boundary data and, as corollary, 

from the Cauchy data set. Our results include also, in particular, an extension of the 
Alessandrini identity to the case of the impedance boundary map. 



(N 



1. Introduction 

^ ■ We consider the Schrodinger equation 



A^j + v(x)ip = Eip, xeD,EeR, (1.1) 



where 

D is an open bounded domain in M. d , d > 2, 



;i.2) 



oo- with dDeC 2 , 

(N ■ 

veh°°(D). (1.3) 



" We consider the impedance boundary map M a = M ajV (E) defined by 

M a [lp] a = Ma-*/2 ( L4 ) 

for all sufficiently regular solutions ip of equation ( 11. ip in D = D U dD, where 

VlAa — = coson])(x) — sina -^-\dD(x), x G dD, a G K (1.5) 

and v is the outward normal to dD. One can show(see Lemma [3.2j) that there is not more 
than a countable number of a G R such that E is an eigenvalue for the operator —A + v in 
with the boundary condition 

cos a ip\gD — sin a ^-\dD = 0. (1.6) 
Therefore, for any energy level E we can assume that for some fixed «6l 
E is not an eigenvalue for the operator —A + v in D 

(1.7) 

with boundary condition (II. 6p 

and, corollary, M a can be defined correctly. 

Note that the impedance boundary map M a is reduced to the Dirichlet-to-Neumann(DtN) 
map if a = and is reduced to the Neumann-to-Dirichlet(NtD) map if a = tt/2. The map M a 
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can be called also as the Robin-to-Robin map. General Robin-to-Robin map was considered, 
in particular, in [9j. 

We consider the following inverse boundary value problem for equation fll.ip . 

Problem 1.1. Given M a for some fixed E and a, find v. 

This problem can be considered as the Gel'fand inverse boundary value problem for 
the Schrodinger equation at fixed energy (see [8], [IE]). At zero energy this problem can 
be considered also as a generalization of the Calderon problem of the electrical impedance 
tomography (see [5], [T6]). 

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b) reconstruction, 
(c) stability. 

Global uniqueness theorems and global reconstruction methods for Problem 1.1 with 
a = were given for the first time in [16] in dimension d > 3 and in [4J in dimension d = 2. 

Global stability estimates for Problem 1.1 with a = were given for the first time in [T] in 
dimension d > 3 and in [23] in dimension d = 2. A principal improvement of the result of [1] 
was given recently in [21] (for the zero energy case). Due to [14j these logarithmic stability 
results are optimal (up to the value of the exponent). An extention of the instability estimates 
of |14] to the case of the non-zero energy as well as to the case of Dirichlet-to-Neumann map 
given on the energy intervals was given in [11]. 

Note also that for the Calderon problem (of the electrical impedance tomography) in its 
initial formulation the global uniqueness was firstly proved in [27] for d > 3 and in [15] for 
d = 2. 

It should be noted that in most of previous works on inverse boundary value problems 
for equation f ll.ip at fixed E it was assumed in one way or another that E is not a Dirichlet 
eigenvalue for the operator — A+v in D, see [TJ, [2], |16] . |21] . |23] , |24] . |25j . Nevertheless, the 
results of [I] can be considered as global uniqueness and reconstruction results for Problem 
1.1 in dimension d = 2 with general a. 

In the present work we give global stability estimates for Problem 1.1 in dimension d > 2 
with general a. These results are presented in detail in Section 2. 

In addition, in the present work we establish some basic properties of the impedance 
boundary map with general a. In particular, we extend the Alessandrini identity to this 
general case. These results are presented in detail in Section 3. 

In a subsequent paper we plan to give also global reconstruction method for Problem 1.1 
in multidimensions with general a. 



2. Stability estimates 

In this section we always assume that D satisfies (JL2]). 

We will use the fact that if V\, are potentials satisfying ( II. 3p . (I1.7P for some fixed E 
and a, then 

M ajV1 (E) - M atV2 (E) is a bounded operator in L°°(dD), (2.1) 

where M aiVl (E), M a ^ 2 (E) denote the impedance boundary maps for t>i, t>2, respectively. 
Actually, under our assumptions, M ajV1 (E) — M a ^ V2 (E) is a compact operator in h°°(dD) 
(see Corollary 3.1). 
Let 

1 1 All denote the norm of an operator 

11 11 (2.2) 
A : JL°°(dD) — >■ JL°°(dD). K 1 
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Let the Cauchy data set C v for equation fll.ip be defined by: 

n fin ^ i ^ f° r a ^ sufficiently regular solutions tp of 1 , . 

Cv = \ \^ eDl fo ldD ) '■ equation (QJ in D = D U dD J " (2 ' 3) 

In addition, the Cauchy data set C v can be represented as the graph of the impedance 
boundary map M a = M a)V (E) defined by (11.41) under assumptions (11.71) . 



2.1. Estimates for d > 3 

In this subsection we assume for simplicity that 

v e W m,1 (R d ) for some m > d, suppn C D, (2.4) 



where 



where 



W 771 ' 1 ^) = {v : d J v e L 1 ^), \J\ < m}, meNUO, (2.5) 



Let 



j e( NU0)", |J|=|>, dJv ^ = B ^ V[ % - < 2 ' 6 > 



\v\\ m , x = max \ \d J v\\ L i {Rd) . (2.7) 

| J\<m 



Note also that (E3D (Ol) . 

Theorem 2.1. Let D satisfy ( ti.^j) . where d > 3. Let t>i, t>2 satisfy {2.J$ and ( ti. 7j) /or some 
/ixed and a. Lei ||u/|| m ,i < A/", j = 1,2, for some N > 0. Lei M Qjl)1 (i?) and M a)V2 (E) 
denote the impedance boundary maps for V\ and v 2 , respectively. Then 

\W < C a (ln(3 + 5" 1 ))~ s , 0<s<(m-d)/m, (2.8) 

where C a = C a (N, D,m, s, E) , 5 a = \\M ajVl (E) — M atV2 (E)\\ is defined according to $2.2\) . 



Remark 2.1. Estimate (12. 8p with a = is a variation of the result of |T] (see also |21]). 

Proof of Theorem 12.11 is given in Section 5. This proof is based on results presented in 
Sections 3, 4. 

Theorem 12.11 implies the following corollary: 
Corollary 2.1. Let D satisfy U.2\) . where d > 3. Let potentials V\, v 2 satisfy (fX^P. Then 

\\vi - v 2 \\l°°(d) < mmC a (in (3 + S' 1 )) % < s < (m - d)/m, (2.9) 

where C a and 5 a at fixed a are the same that in Theorem \2.1\ 

Actually, Corollary 2.1 can be considered as global stability estimate for determining 
potential v from its Cauchy data set C v for equation (II. ip at fixed energy E, where d > 3. 



4 



M.I. Isaev, R.G. Novikov 



2.2. Estimates for d = 2 

In this subsection we assume for simplicity that 

veC 2 (D), supprcD. (2.10) 

Note also that ( |2~T0|) fO|) . 

Theorem 2.2. Lei .D satisfy U.2\) . where d = 2. Let f 1; f 2 satisfy 112. 10\) and U. 7]) /or some 
/raed and a. Lei ||fj||c ,2 (D) — N, j = 1,2, /or some iV > 0. Lei M am (E) and M ajV2 (E) 
denote the impedance boundary maps for V\ andv 2 , respectively. Then 

IK - ^Hloc(d) < C a (In (3 + b- a l )Y s (In (3 In (3 + 5" 1 ))) 2 , < s < 3/4, (2.11) 

where C a = C a (N, D, s, E), 5 a = \\M a)V1 (E) — M ayV2 (E)\\ is defined according to \2.2}) . 

Remark 2.2. Theorem 12. 2l for a = was given in [23] with s = 1/2 and in [25] with s = 3/4. 

Proof of Theorem 12.21 is given in Section 7. This proof is based on results presented in 
Sections 3, 6. 

Theorem 12.21 implies the following corollary: 
Corollary 2.2. Let D satisfy U.2\) . where d = 2. Let potentials V\, v<i satisfy Ii2.10\) . Then 

\\vi - v 2 \\ L oo {D) <minC a (ln(3 + ^ 1 )) _s (in (3 In (3 + 8" 1 ))) 2 , < s < 3/4, (2.12) 

where C a and 5 a at fixed a are the same that in Theorem \2.2\ 

Actually, Corollary 2.2 can be considered as global stability estimate for determining 
potential v from its Cauchy data set C v for equation (11. ip at fixed energy E, where d = 2. 

2.3. Concluding remarks 

Theorems 2.1, 2.2 and Lemma [3.21 imply the following corollary: 
Corollary 2.3. Under assumptions (1.2), (1-3), real-valued potential v is uniquely determined 
by its Cauchy data C v at fixed real energy E . 

To our knowledge the result of Corollary 2.3 for d > 3 was not yet completely proved in 
the literature. 

Let o~ ajV denote the spectrum of the operator — A + v in D with boundary condition (11.61) . 
Remark 2.3. In Theorems 12.11 and 12.21 we do not assume that E £ <7 a , Vl U c a ^ V2 namely for 
a = in contrast with [lj, [21] . [23], [24], [25]. In addition, in fact, in Corollaries 2.1 and 2.2 
there are no special assumptions on E and a at all. Actually, the stability estimates of [lj, 
[2T] . [23] . [24"] . [25] make no sense for E G cr 0tVl U(7o iV2 and are too weak if dist(E, ao }V1 Udo^) 
is too small. 

Remark 2.4. The stability estimates of Subsections 2.1 and 2.2 admit principal improvement 
in the sense described in [21j . |22| . [26J. In particular, Theorem 12 . 1 1 wit h s = m — d (for d = 3 
and E = 0) follows from results presented in Sections 3, 4 of the present work and results 
presented in Section 8 of [21]. In addition, estimates (2.8), (2.9) for s = (m — d)/d admit a 
proof technically very similar to the proof of Theorem 2.1, presented in Section 5. Possibility 
of such a proof of estimate (2.8) for s = (to — d)/d, a = 0, E = was mentioned, in 
particular, in [30]. 
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Remark 2.5. The stability estimates of Subsections 2.1 and 2.2 can be extended to the 
case when we do not assume that suppv C D or, by other words, that v is zero near the 
bounadry. In this connection see, for example, [I], |23| . 

In the present work we do not develop Remarks 2.4 and 2.5 in detail because of restrictions 
in time. 

Note also that Theorems 12 . 1 1 and 12.21 remain valid with complex- valued potentials v%, Vi 
and complex E, a. Finally, we note that in Theorems 2.1, 2.2 and Corollaries 2.1, 2.2 with 
real a, constant C a can be considered as independent of a. 



3. Some basic properties of the impedance boundary map 

Lemma 3.1. Let D satisfy $1.2) . Let potential v satisfy ( tl.gj) and ( [1.7]) for some fixed E 
and a. Let M a = M a ^ v (E) denote the impedance boundary map for v. Then 



sinaM a + cos a /) [i/)] a = i/)\qd, 

du 



cos a M n — sin a I 



\^ l) } a M a [^ 2) } a dx = J [^} a M a [^%dx (3.2) 

dD dD 

for all sufficiently regular solutions ip, ip^\ of equation M.l\) in D, where I denotes the 
identity operator on dD and [ip] a is defined by U.5\) . 

Note that identities f 1 3 . 1 H imply that 
^sin(ai — a2)M ai + cos(cti — 0i2)I) (sin(a 2 — cti)M a , 2 + cos(ct2 — ai)I J = I, (3.3) 

under the assumptions of Lemma [3.11 fulfilled simultaneously for a — ai and a = a 2 . 
Note also that from (13. 2 h we have that 

> (1) ] a M a [0 (2) ]^x = J i^XM^Xdx (3.4) 

dD dD 

for all sufficiently regular functions 4>^\ on dD. 

Proof of Lemma \3. 1\ Identities (13.11) follow from definition (jl.4p of the map M a . 
To prove (13. 2p we use, in particular, the Green formula 



m^_$m^\ dx = f (^A^-^A^dx 



du du 

dD D 



(3.5) 



where <fP^ and (j)^ are arbitrary sufficiently regular functions in D. Using (13. 5p and the 
identities 

^ (1) A^ (2) = (v - E)^ (1 V (2) = ^ (2) A^ (1) in D, (3.6) 

we obtain that 



dD 
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Using (13. 7p . we get that 

ff ,(D d^\(. l(2) 9f>\ 

/ I cos aip K ' — sma— — I I sm a ip y J + cos a— — — I ax = 

= / I cos a — sin a— — — I I smaf ; + cos a— — — I ax. 

3D 

Identity (13.21) follows from (13.81) and definition (1 1.4ft of the map M a . ■ 



Theorem 3.1. Let D satisfy 111. Sty . Let two potentials v±, v 2 satisfy 111. Sty . ( fi.Tjj /or some 
fixed E and a. Let M Q>Vl = M Q>Vl (E), M a>V2 = M a ^ V2 (E) denote the impedance boundary 
maps for Vi, v 2 , respectively. Then 

(vi - v 2 ) ipiip2 dx = J [if} X ] a [Moc^x - M a<V2 ^j [ip 2 } a dx (3.9) 

D 8D 

for all sufficiently regular solutions ipi and ifj 2 of equation ( ti. 1\) in D with v = v\ and v — v 2 , 
respectively, where [ip] a is defined by ( ti.51) . 



Proof of Theorem \3.1\ As in (13. 6p we have that 

^ 2 A^i = (vi - Etyxipz- 
Combining (IBTTUj) with (EE5|» . (I3~TD and (J33D, we obtain that 

/ w») - *(*)) = / - = 

D 3D 

= J ^sina M a ,v2 +cosa/j [ip2)a (cosa M a ^ Vl — sina/j \tp\\ a dx — 
smaM am + cosa/j [i>i\a ^cosaM ffl)Va — sin a J J [^2[ a dx = 



(3.10) 



(3.11) 



Remark 3.1. Identity (13.91) for a = is reduced to Alessandrini's identity (Lemma 1 of [T]). 

Let G a (x, y, E) be the Green function for the operator A — v + E in D with the impedance 
boundary condition (jl.6p under assumptions (11.21) . (I1.3P and (jl.7p . Note that 

G a (x,y,E)=G a (y,x,E), x,y e D. (3.12) 



The symmetry (13.121) is proved in Section 9. 
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Theorem 3.2. Let D satisfy U.S\) . Let potential v satisfy U.3\) and U.7\) for some fixed E 
and a such that sin a^O. Let G a (x, y, E) be the Green function for the operator A — v + E 
in D with the impedance boundary condition U.6\) . Then for x, y e dD 

M a (x,y,E) = , \ G a (x,y,E) - ctga 8 dD (x - y), (3.13) 
sin a 

where M a (x,y,E) and 5qd{x — y) denote the Schwartz kernels of the impedance boundary 
map M a = M a}V (E) and the identity operator I on dD, respectively, where M a and I are 
considered as linear integral operators. 

Proof of Theorem \3.2[ Note that 

[4>]a-n/2 = . \ sina^lac - ctgct [<f>] a . (3.14) 
sin a 

for all suffuciently regular functions <p in some neighbourhood of dD in D. Since G a is the 
Green function for equation (11. ip we have that 

V>(l/) = J U(x)^(x,y,E)-G a (x,y,E)^-(x)jdx, y e D, (3.15) 

dD 

for all suffuciently regular solutions if) of equation (II. ip . Using (I3.15P and impedance boundary 
condition (II. 6p for G a , we get that 



dD 

= J [il)(x)] a G a (x, y, E)dx, y E D. 



(3.16) 



dD 

Due to (13. 4p we have that 

M a (x,y,E)=M a (y,x,E), x,yedD. (3.17) 
Combining (HI), (I3TT4D . (ETTBjl and (KIT} , we obtain (l3~T3l) . ■ 

Corollary 3.1. Let assumtions of Theorem \3. 1\ hold. Then 

M atVl (E) — M a>V2 (E) is a compact operator in L°°(<9-D). (3.18) 

Scheme of the proof of Corollary 3.1. Let G am {x,y,E) and G atV2 (x,y, E) be the Green 
functions for the operator A — v + E in D with the impedance boundary condition ( II. 6ft for 
v = V\ and v — v 2, respectively. Using (13.121) . we find that 

G a , Vl {x,y,E) = J G a>Vl {x,£,E) (A € - v 2 (£) + E) G atV2 (£,y, E) d£, 

D 

G a<V2 (x, y,E) = J ( A c - vx (f ) + E) G a;V1 (x, £, E)G a , U2 (£, y, E) d£, 

D 

J (g^x, £, E)^^(C, y, E) - G a>V2 (£, y, E)^^(x, £, E)^j df = 0, 



(3.19) 



dD 



x,y G D. 
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Combining (I3.19P with (13. 5p . we get that 

G aiV1 (x,y,E) - G a>V2 (x,y,E) = J (ui(£) - v 2 {t)) G ajVl (x, £, E)G a>V2 (£, y, E) d£, 



D 



(3.20) 
x,y G D. 



The proof of ( I3.18P for the case of sin a ^ can be completed proceeding from ( 13. 3p . 
(13~T3|) . ( I3~20l) and estimates of [12j and [3j on G a (x,y,E) for v = 0. 

Corollary 3.1 for the Dirichlet-to-Neumann case (sin a = 0) was given in [16]. ■ 

Lemma 3.2. Lei D satisfy U.2\) . Let v be a real-valued potential satisfying U.3\) . Then 
for any fixed E G R i/iere z's not more than countable number of a G R s^zc/i £/ia£ i? z's an 
eigenvalue for the operator —A -\- v in D with boundary condition U.6}) . 

Proof of Lemma \3. 21 Let ip^ 1 ', ip be eigenf unctions for the operator —A + v in D with 
boundary condition (11. 6p for a = a 1 - 1 ) and a = c^ 2 * 1 , respectively. Then 

sin(a«-c/ 2 )) y^ (1 V (2) ^ = sm« (1) sin«( 2 ) | (V } ^ ~ ^ (2) ^) = 0. (3.21) 

Since in the separable space h 2 (dD) there is not more than countable orthogonal system of 
functions, we obtain the assertion of Lemma 13.21 ■ 

Remark 3.1 The assertion of Lemma [3.21 remains valid for the case of a G C. 
4. Faddeev functions 

We consider the Faddeev functions G, ip, h (see [6], [7J, |10| . |16|): 

i/>(x, k) = e ikx + I G(x - y, k)v(y)iP(y, k)dy, (4.1) 



e + 2^' (42) 

R d 

where x G R d , fc G C d , Im fc 7^ 0, d > 3, 

/i(jfe,Z) = (27r)- d [ e~ ilx v(x)^(x,k)dx, (4.3) 



where 

k,l G C d , A; 2 = Z 2 , ImJfc = Im/ ^ 0. (4.4) 
One can consider ( 14. ip . ( 14. 3 p assuming that 

v is a sufficiently regular function on R d with sufficient decay at infinity. (4-5) 

For example, in connection with Problem 1.1, one can consider (14. ip . (14. 3 j) assuming that 

veh°°(D), v = 0onR\D. (4.6) 

We recall that (see |B], H, PH], PS]): 
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• The function G satisfies the equation 

(A + k 2 )G{x,k) = 5{x), xeR d , keC d \R d ; (4.7) 

• Formula (14. ip at fixed k is considered as an equation for 

ip = e ikx u.(x,k), (4.8) 

where \x is sought in L°°(IR d ); 

• As a corollary of (Q]l . (JO}, (JH7J), if) satisfies (JTI) for E = k 2 ; 

• The Faddeev functions G, if>, h are (non-analytic) continuation to the complex domain 
of functions of the classical scattering theory for the Schrodinger equation (in particular, 
h is a generalized „ scattering" amplitude). 

In addition, G, ip, h in their zero energy restriction, that is for E — 0, were considered 
for the first time in [2j. The Faddeev functions G, if), h were, actually, rediscovered in [2J. 
Let 

S E = {k G C d : k 2 = k\ + . . . + k\ = E) , 
9 B = {^6 S El l E £e : ImA; = Im/}. 



(4.9) 



Under the assumptions of Theorem 12. 1[ we have that: 

fi(x,k)^l as |ImA;|->oo (4-10) 

and, for any o > 1, 

|/i(x, fc)| + |V/i(x, k)\ < o for |Imfc| > n(N, D, E,m,a), (4.11) 
where x G M d , G 

v(jp) = lim foranypGlR d , (4-12) 

(k,l) G 6 B , k-l=p 
\lmk\ = \lml\ — > oo 

\v( P ) - h(k,l)\ < c i( D > E > m ) N2 i 0T (k,i)ee El p = k-l, 

p 



\Imk\ = \lml\ = p > r 2 (N, D, E, m) 

„2 , A ( TP I 2\ 



(4.13) 



p 2 < A{E + p l 

v(p) = (2n)- d I e ipx v(x)dx, p G R d . (4.14) 



where 



Results of the type (HTTUl) go back to [2]. Results of the type ffl~W\ . (14331) (with less 
precise right-hand side in (I4.13P ) go back to |10] . In the present work estimate (14. lip is given 
according to |18| . |20| . Estimate (I4.13P follows, for example, from the estimate 

\\A~ s g(k)A~ s \\ h 2 {Rd) _, h 2 (Rd) = Odkl" 1 ) as \k\ oo, 
keC d \R d , \k\ = (\Rek\ 2 + \lmk\ 2 ) 1/2 } 
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for s > 1/2, where g(k) denotes the integral operator with the Schwartz kernel g(x — y, k) 
and A denotes the multiplication operator by the function (1 + | | 2 ) 1//2 . Estimate (I4.15P was 
formulated, first, in |13j for d > 3. Concerning proof of (I4.15p . see |29| . 
In addition, we have that: 



(4.16) 



h 2 (k,l) -h!(k,l) = (27r) d I ipi(x, -l)(v 2 (x) - v\{x))ip 2 {x, k)dx 

for (k,l) E B E , \lmk\ = \lml\ ^ 0, 
and vi, v 2 satisfying ( I4.5p . 



h 2 (k, I) - h(k, I) = (2n)- d / [iPti-, -l)] a [M a , V2 - M a , Vl ) k)] a dx 



dD 



for (k,l) e Q E , \lmk\ = \lml\ ^ 0, 
and Vi, v 2 satisfying fll.7p . (14. 6p , 



(4.17) 



where hj, ipj denote h and ip of ( 14. 3 P and (14. ip for v = Vj, and M a ,vj denotes the impedance 
boundary map of ( II. 4p for v = Vj, where j = 1, 2. 

Formula (I4.16P was given in [17] . Formula ( I4.17P follows from Theorem 13.11 and ( I4.16P . 
Formula (I4.17P for a = was given in [19J. 

5. Proof of Theorem 12.11 

Let 



JL™(R d ) = {ue L°°(M d ) : < +oo}, 
IHI^ = ess sup(l + |p|) M |«(p)|, ji > 0. 



Note that 

w e W m '\R d ) =^ u> e JL™{R d ) n C{R d ), 
WwW^ < c 2 (m,d)\\w\\ m ^ for /i = m, 

where W™' 1 , L~ are the spaces of (j25j» . d5U]) . 

-d I Jpx 



(5.1) 



(5.2) 



w(p) = (27r)- d j e ipx w(x)dx 1 p G R d . (5.3) 

Using the inverse Fourier transform formula 

J e- ipx w(p)dp, x e M d , (5.4) 



ty ix) 



we have that 



K - ^||l->(d) < sup I e ipx (v 2 (p) - vi(p)) dp\ < 

x&D J 

< I\{r) + I 2 {r) for any r > 0, 



(5.5) 
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Let 



c 3 = (2tc) d / dx, L = max \x\, 

J x£dD 
dD 

5 a = \\M atV2 (E)-M a!V1 (E)\\, 

where \\M a , V2 (E) - M ajV1 (E)\\ is defined according to (12T2D . 
Due to (iflHjl . p?| . we have that 

\h 2 (k,l) - hl(k,l)\ < C 3 || [Vl (- , -0]a|k°°(9£>) $a || [-02 &)]a ||l°°(9D) , 

(M) G e B , \lmk\ = \lml\ ^ 0. 

Using (IP]) . dUnj, we find that 



|«a(p) - «i(p)| < c 3 (c 4 (W exp 2p(L + 1) U a + 



2 



(5.6) 



where 

Ji(r) = J \v 2 (p) -vi(p)\dp, 

\p\<r 

h{r)= J \v 2 (p) - vi(p)\dp. 

\p\>r 

Using (15. 2p . we obtain that 

\v 2 {p) -Mp)\ < 2c 2 (m,d)N(l + \p\)- m , peR d . (5.7) 
Due to (14. 13ft . we have that 

/ s a / \ , /, ,m 2ci(D,E,m)N 2 

\Hp) - vi{p)\ < MM) -MM) + — > 

p 

p G E d , p = k — I, (k,l) G 6s, (5.8) 
|Imfc| = |Im/| = p > r 2 (N,D,E,m), 
p 2 < 4(£ + p 2 ). 



(5.9) 



(5.10) 



||[V , (-^)] q ||l-(od) < 04(E) a exp (Jim fc|(L + 1)^ ^ ^ 

keZ E , \lmk\> ri (N,D,E,m,a). 

Here and bellow in this section the constant a is the same that in ( 14. lip . 
Combining ( I5.10p and ( 15. lip , we obtain that 

\h 2 (k, I) - h(k, l)\<c 3 (c^E)a) 2 exp (^2p(L + 1)^5 a , 
(k,l) G 0_e, p = |ImJfe| = |ImZ| > n(N, D, E, m, a). 
Using (EE]), (15TT2]) . we get that 

2ci(D,E,m)N 



p (5.13) 
p G p 2 <4(£ + p 2 ), p>r 3 (N,D,E,m,a), 
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where r^N, D, E, m, a) is such that 

( p > n(N,D,E,m,a), 
p>r 3 (N,D,E,m,(r)=> I P > r 2 (N, D, E,m), (5.14) 

|y/ m <A(E + P 2 ). 

Let 

c 5 = J dp, c 6 = J dp. (5.15) 

pGK d ,|p|<l p&, d ,\p\ = l 

Using (JSHD, (I515j» . we get that 

2ci(D, J B,m)^ 5 



J x (r) < c 5 r d c 3 (c 4 ( J E)cr) z exp 2p(L + 1) 5 Q + 



P J (5.16) 

r > 0, r 2 < 4(p 2 + £), p > r 3 (JV, D, E, m, a). 



Using (j5.6p . (15. 7p . we find that for any r > 



T / x n / ,\ »t /" ^ 2c 2 (m, D)Ncr 1 .„ 
J 2 (r) < 2c 2 (m, d)iVc 6 / < 2 ^ _ ^ 6 -^. (5.17) 



Combining (j5T5]) . fl5TT6|) . (1537]) for r = p 1 /" 1 and (1533]) . we get that 

\\vi - t; 2 || L <» (D) < c?(D, a)p d ^ m e 2p ^5 a + c 8 (N, D, E, 

p > r 3 (N,D,E,m,a) 

We fix some r G (0, 1) and let 



(5.18) 



(5.20) 



P= 2 (L + iy p = P ]n ( 3 + 0> ( 5 - 19 ) 

where S a is so small that p > r^(N, D, E, m, a). Then due to ( 15. 18^ . we have that 
||*i - < orp, a) (/3 In (3 + C))" 7 ™ (3 + 5 a + 

m — d 

+c 8 (iV, D,E,m) (/31n (3 + f^ 1 )) = 
= crp, a)P d/m (1 + 35 a ) x - T 5; (in (3 + 5~ l ) ) d/m + 
+c 8 (N, D, E, m)(3-^ (in (3 + i^ 1 ))"^ , 

where r, /3 and 5 Q are the same as in ( 15.19P . 
Using ( 15. 20 p . we obtain that 

\\v 1 -v 2 \\ h o 0{D) <c 9 (N,D,E,m,a)(\n(3 + 5- 1 )) ™ (5.21) 

for 5 a = ||M a ,v2 — ^q.diII < S(°\N, D, E,m,a), where 8^ is a sufficiently small positive 
constant. Estimate (I5.2ip in the general case (with modified Cg) follows from (I5.2ip for 
5 a < 5^(N, D, E,m,a) and the property that H^'Hl^d) < Cio(D,m)N. 

Thus, Theorem 2.1 is proved for s = and, since In (3 + > 1, for any < s < 2=2. 
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6. Buckhgeim-type analogs of the Faddeev functions 

In dimension d = 2, we consider the functions G Zo ,ip Zo ,ip Zo , 5h Zo of [23j, going back to 
Buckhgeim's paper [4j and being analogs of the Faddeev functions: 



ij Z0 (z,X) = e x ^ 2 + / G ZQ (z,(,\MO^ Z0 ((,\)dRe(dIm(, 



D 



(6.1; 



^(*,A) = e A <*-*> + J G Z0 (z,(,\)v((W Z0 ((,\)dRe(dlm(, 

D 

^2_ 



G ^' c ' Aj -4^y (z-^-o ' (6<2) 

z = X\ + za;2, z <E D, A G C, 
where R 2 is identified with C and t> , D satisfy (O]) . (TT3]) for d = 2; 

(A) = /" ^,1(2, -A) (v 2 {z) -vx (z)) ip Zo>2 (z,X)dRezdImz, A G C, (6.3) 

£> 

where t> l5 t> 2 satisfy (jl.3p for d = 2 and ^Vi' ^0,2 denote ^ °f (EH]) f° r u = f 1 and 
f = f 2 , respectively. 

We recall that (see [23], [21]): 

4 ^ G -(^C,A) = ^-C), 

%2 (6.4) 



a (^C,A) = ^-C), 



where z, Zq, ( G D, A G C and 5 is the Dirac delta function; formulas (16. ip at fixed 2:0 and 

A are considered as equations for ip Zo , ip ZQ in L°°(D); as a corollary of ( 16. ip . ( 16. 2p . (16. 4p . the 

functions ip zo , ip ZQ satisfy (II. ip for E = and d = 2; 5h zo is similar to the right side of (I4.16p . 
Let potentials v,Vi,v 2 G C 2 (D) and 

||^Hc72 (jD) < TV, \\vj\lc20) < N, j = 1,2, 

9 (6-5) 
(vi - W2)|m> = 0, - uajlaD = 0, 

then we have that: 

1>.o(z, A) = e*-"^*, A), faz, A) = e^^/U^ A), (6.6) 

Hz (z, A) ->■ 1, /^(z, A) -> 1 as |A| -> 00 (6.7) 

and, for any er > 1, 

l^o(^) A)| + |V// 20 (z, A) I < a, (6.8a) 

\jl Z0 {z,\)\ + \Vfi Z0 {z,X)\ <*, (6.8b) 
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where V = (d/dx\, d/dx 2 ), z = x\ + ix 2 , z G D, A G C, |A| > pi(N, D, a) 



v 2 (z ) -v^Zq) = lim -\X\5h Z0 (X) 

A— >oo 71 

for any z G D, 



v 2 (z ) - vi(z ) \X\5h Z0 (X) 

71 



< 



c u (N,D) (ln(3|A|)f 



(6.9) 



(6.10) 



|A| 3 /4 

for z G D, \X\ > p 2 (N,D). 

Formulas (16. 6p can be considered as definitions of p zo , Jl zo . Formulas (16. 7p . (16. 9p were given 
in [23], [23] and go back to [4|. Estimate (IBTTUj) was obtained in [23], [25]. Estimates (IBTgj) 
are proved in Section 8. 



7. Proof of Theorem [23] 

We suppose that ip Zo ,i('j V^o^O) A), 5h ZQ (X) are defined as in Section 6 but with Vj — E 
in place of Vj, j — 1, 2. We use the identity 



M a , v {E) = M aiV „ E (0). 
We also use the notation N E = N + E. Then, using ( 16.101) . we have that 



^2(^0) ~ M z o) \X\5h Z0 (X) 

71 



< 



cijJM (ln(3|A|)) 2 
|A| 3 / 4 

for z eD, |A| > p 2 (N E , D). 
According to Theorem 13.11 and ( 16. 31) , we get that 

1 



5h Z0 (X) 



4vr 2 



[iP Z0>1 (; -X)] a (M a>V2 (E) - M am {E) [^ 0>2 (-, A)] a \dz 



dD 



A G C. 



Let 



ciq = — a / l^li L = maxlzl 

47T 2 J zddD 



dD 



5 a =\\M a>V2 (E)-M a>Vl (E)\\, 



where ||M Q) „ 2 (£) - M a , Vl (E)\\ is defined according to (TO) . 
Using ( 17. 3p . we get that 

l^oWl < c 12||[^ ,l('' -^)]a||L°°(9D) 5« || [^o,2(-> ||l°°(9D), A G C. 

Using ([O]), flE2i, we find that: 



|[^ ,i(->-^)]alk-(9o) < o- exp (JA|(4L 2 + 4L) 

||[^«o,2(- J A)] a || L <»(8D) < o- exp ^|A|(4L 2 + 4L) 
AgC, |A| > px(N E , D,a 



(7.1) 



(7.2) 



(7.3) 



(7.4) 



(7.5) 



(7.6) 
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Here and bellow in this section the constant <j is the same that in (16. 8p . 
Combining ( 17. 5ft . ( 17.6ft . we obtain that 



Pi -V2||l«»(d) < Ci2^ (3 + d Q ) b a + 



+ c u (N E ,D 



(ln(3/31n(3 + 5- 1 ))) 



2 



(/31n(3 + 5- 1 )) 
c 12< 7 2 (l + 3(J a ) 1 - T ^+ 



+ c n (N E ,D)fi~ 



3 (In (3/3 In (3 + 



2 



(ln(3 + <5- 1 )) 



where r, /3 and 5 a are the same as in (17. 9p . 
Using (I7.10p . we obtain that 



(7.7) 



(7i 



|<*MA)| < a** exp (JA|(8L 2 + 8L)j5 a , 
AgC, |A| > Pi {N e ,D,<j). 

Using dZ2J and (|777| . we get that 

M*,) - ^o)| < c 12( x 2 exp (|A|(8L 2 + 8L))tf a + ^( N ^)Mmf 

z e D, A G C, |A| > p 3 (A^, -D, cr) = max{pi, p 2 }. 
We fix some r G (0, 1) and let 

/3= 8Z^I' ^WS + C), (7-9) 
where 5 a is so small that |A| > p 3 (N E , D,a). Then due to (17. 8p . we have that 

n /3(8L 2 +8L) 



(7.10) 



IK - U2||l~P) < ci 3 (JVs, A a) (In (3 + 6' 1 )) 3 (in (3 In (3 + O)) 2 (7.11) 

for 5 a = \\M a>V2 (E) - M a)tI1 (S)|| < 5 {0 \N E , D, a), where <5 (0) is a sufficiently small positive 
constant. Estimate ( 15.21R in the general case (with modified C13) follows from ( 17. lip for 
&a < S {Ne, -D, cr) and the property that < Cn(D)N. 

Thus, Theorem 2.2 is proved for s = | and, since In (3 + 5" 1 ) > 1, for any < s < |. 

8. Proof of estimates (16.81) 

In this section we prove estimate ( 16.8b .) . Estimate ( 16.8b ) can be proved a completely similar 
way. Let 



Mlcj(S) = max M|u||c(S), ll^|llc(B) 



U) 
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Due to estimates of Section 3 of j23], we have that, for any E\ > 0, 

fi Z0 (;X)eCl(D), ||^ ao (.,A)|| c j (S) <l+e 1 for \\\ > p 4 (N, D, £l ). (8.2) 
In view of (|8.2|) . to prove (16 .8b ) it remains to prove that, for any e 2 > 0, 

d zf i zo (;\) eC(D), ||a^(-,A)|| C( B)<e 2 for |A| >p 5 (N,D,e 2 ), (8.3) 

where d z fi zo (-, A) is considered as a function of z G D and d z = d/dz. 
We have that (see Sections 2 and 5 of [23J): 

dzHto = -UT ZOi xv/i Zo , (8.4) 

Uu(z) = -- [ -^Q—dRe(dIm(, (8.5) 

7T J (C - zy 

D 

-\(z-z Q ) 2 +\{z-z ) 2 r A(C-zo) 2 -A(C-zb) 2 

Tz a Mz) = / u(C)dReCdImC, (8.6) 

7T J C-Z 

D 

where u is a test function, z G D. 

In view of ( 18. 2p . (18. 4p and Theorem 1.33 of |28| . to prove ( 18. 3 j) it is sufficient to show that 

A(D s) 

ll T z ,A^llc a (g) < | A | g ( 8) NIc|(d), |A| > 1, z eA (8.7) 

for some fixed s G (0, |) and 5(s) > 0, where C S (D) is the Holder space, 

C S (D) = {uG C(L>) : < +00} , 

\Hc s (D) =maxhu\\ C (D),h\\'G.(B)}> (oo^ 



\ u \\'cJD) = S 'M> 



\u(zi) -u(z 2 )\ 



Cs(D) ... . , 

ZX,Z2eD,0<\zi-Z2\<l \ Zl Z2 I 



Due to estimate (5.6) of j23], we have that 



I t *o,a^1Ic(d) < A ^] \\ u \\cl(D), |A| > 1, 2 G D. (8.9) 



Therefore, to prove (18. 7p it remains to prove that 



1^0^11^(5) < -T^W^- \\ U Wci(D)' l A l - X > ^GD, (8.10) 



for some fixed s G (0, |) and 5(s) > 0. 
We will use that 



W U l U l\\'c a {D) < \\ U l\\'c s (D)W U 2\\c(D) + IKIIc(B)IMIc s( S), < S < 1. (8.11) 

One can see that 

T 20i a = F 2o> _aTF ZOi a, (8-12) 
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where T = T 2o o and F ZOt x is the multiplication operator by the function 

F(Z,Z ,X) = e ^-*o) 2 -A(z-*o) 2 . 

One can see also that 

\\F(;Z Q ,-X)\\ C(B) = 1, 

\\F(.,z ,-\)\\' Ca(D) <A 2 (D,s)\\\ s , \\\>1, z eD. 
In view of (I8.9j) . (18.1 ip - (I8.14p . to prove (I8.10p it remains to prove that 

l|TF, ,A«|| , o . (S) <^ffl^lHlci(B), |A|>1, z eD, 

for some fixed s G (0, |) and 5\(s) > 0. 
We have that 



7iTF ZOtX u(zi) - ■kTF Z0iX u(z 2 ) 



F(<;,zo,x)u(0(h-h) 



dKe( dim ( 



D 



where 



Jz ,\,e\Zl, Z 2 ) 



(c-«o(c-%) 

F(C,zb,A)u(C)(ifc-zi) 



D\D 



z 0. z l> z 2.' 



(C-- Zl )(C-z 2 ) 

F(C,zo,A)n(C)(z2-^i) 

(C-*i)(C-3») 



-dKeC, dim £, 



dKe( dlm(, 



(8.13) 



(8.14) 



(8.15) 



(8.16) 

(8.17) 
(8.18) 



where B z , £ = {( G C : |( - z\ < e}, D ZoM£ = D \ ( \J B Zj , E 
We will use the following inequalities: 



z 2 - Zl 



(C- Zl )(C-z 2 ) 

z 2 - Z\ 



(( - zJiC - z 2 )(( - z ) 



2 1 

<nil*2-*il'E |c 

3=1 IS Jl 

v !. 

^ IC - z. 



< n 2 \z 2 - zi\ 



3=0 



2+s : 



5 



^2 - Zl 



d( v(c-^)(c-^ 2 )(c-^o), 



)|<nsh-^E^ 



|C-z# +s 
3=0 ls Jl 



where s G (0, 1), n 1; n 2 , n 3 > 0, z 0) z x, z 2 , ( G C and C z i f° r J ' = 0, 1, 2. 
Using (8.17), (8.19), we obtain that 

4 0l A, e (zi, Z2) < n^s)^" 8 ^ - 2i| s , 



where n 4 (s) > 0, z 0; z i, z 2 , C £ C and e G (0, 1). Further, we have that 



dF{(,z ,X) u{(){z 2 - Zl ) 



-dKe( dim ( 



dC (C-*i)(C-3«)(C-sb) 

= JzoXefai ^2) + Jl ,\A z i, z 2 ), 



(8.19) 
(8.20) 
(8.21) 



(8.22) 



(8.23) 
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where 



dD 



F(C,zo,AMQ(z 2 -zi) 

(C-^kc-^KC-^)) ^' 







D 



u(()(z 2 - Zi) 



V(C-^i)(C-^)(C-^o) 



(8.24) 



<iRe£ dim £, 



Z 0> 2 1> 2 2. £ 



Using (8.20), (8.21), (8.24), we obtain that 



Jl ,x,e( z u z 2) < \M 1 n 5 (D,s)e 1 s \z 2 - zi\ s \\u\\ c{D) , 

J i,A, £ (^i^2) < \\\' 1 n 6 (D,s)e^ s \z 2 - z 1 \ s \\u\\ c(D) + 

s _,, ,„ 9m 

+ |A| 1 n 7 (D,s)e s \z 2 - z x 



dz 



(8.25) 



C(D) 



where zq, Zi, z 2 , A e C, |A| > 1, e G (0, 1). 

Using (8.16), (8.22), (8.23), (8.25) and putting e = |A|~ 1/2 into (8.22), (8.25), we obtain 
(8.15) with 5 1 (s) = (1 - s)/2. 



9. Proof of symmetry ( 13.121 ) 

Let Z)' be an open bounded domain in IR d such that 

• D C D', 

• D' satisfies (1.2), 

• E is not a Dirichlet eigenvalue for the operator — A + v in D' . 

Here and bellow in this section we assume that v = on D' \ D. Let R(x, y, E) denote the 
Green function for the operator —A + v — E in D' with the Dirichlet boundary condition. 
We recall that 

R(x,y,E) = R(y,x,E), x,yeD'. (9.1) 
Using (13. 5p . (19. ip . we find that for x,y G D 

J (r(x, t, E)^(y, t, E) - R(y, e, E)^(x, £, E) \ = 

dD 

= j (R(x,t,E) (A^-v + E) R{y,Z,E)-R{y,Z,E) (A 5 - v + E) R(x, £, E])d£ = 

D 

= -R{x,y,E) + R{y,x,E)=0. 

(9-2) 

Note that W = G a + R(E) is the solution of the equation 

(-A x + v-E)W(x,y)=0, x.yeD (9.3) 
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with the boundary condition 



dW 

cos a W(x, y) — sin a — — (x, y) 

ov x 



. . OR . . 

cos a R(x, y, E) — sin a — — (x, y, E) 



&8D 

yeD. 



Using (13. 5p and ( 19. 3p . we find that for x,y G D 
f f dW dW \ 

8D 

= J (W{£, x) (At-v + E) W(£, y) - W{£, y) (A^-v + E) W{£, xj)d£ = 



D 

Note that 



(9.4) 



(9.5) 



W(x, y) = - J W(£, y) (At-v + E) #(£, x, E)d£ } x,y G D. (9.6) 

D 

Combining (13. 5p . (I9.3P and (19. 6p . we obtain that 

ilL) V dv t dv t J (9.7) 

x, y G D. 

Using ([931) and (19"77|) . we get that 

sin a W(x, y) = 

f ( dW \ 

= / W(£,y) ( cosaW(£,x) -sma—(£,x) - cosa R(£, x, E) J d£ - 

dD 

- J R(£,x,E) ^cos a R(£, y, E) - sin a x, E) - cos a W(£, y)J d£, 



(9. 



x, y G D. 

Combining similar to (19. 8 j) formula for sin aW(y, x), (19. 2p and (19. 5p . we obtain that 

sin a W(x, y) — sin a W(y, x) = 0, x,y G D. (9.9) 

In the case of sin a = 0, combining ( I9.4p and ( 19. 7p . we get that 

if OR dW \ 

W(x,y)= / (-R(t,y,fy jr (t,x,E) + W{t,x) 1 P-fov))dt, 

J D V ^ ^ / (9.10) 

i,)/GD. 

Hence, one can get that for any a 

W(x,y) = W(y,x), x, y G D. (9.11) 

Combining flHZQ) and (I9TTT]) . we obtain (13TT2|) . 

We note that symmetry (13.121) for u = 0,£' = 0,d>3 was proved early, for example, 
in [12]. 
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